INTRODUCTION
During the past 30 years many mathematicians have been investigating quasilinear elliptic problems of the type yL L u s f x, u, ٌu in ⍀ Ž .
1.1
Ž .
u s 0 o nѨ ⍀ , where ⍀ is a smooth bounded domain in ‫ޒ‬ N , N G 2, L L is a uniformly elliptic operator of second order verifying the strong maximum principle, and f : ⍀ = ‫ޒ‬ = ‫ޒ‬ N ª ‫ޒ‬ is a Caratheodory function satisfying appropriate growth conditions. These studies have contributed for a better under-Ž . standing of several questions related to 1.1 , for example, regularity, Ž . existence, and nonexistence of a solution. In the literature, problem 1.1 is known to be critical in the gradient if f has quadratic growth in the gradient. This is a reasonable assumption when we are seeking for a w x solution. In fact, Serrin 14 . div ٌu ٌu denotes the p-Laplacian with 1 -p -ϱ. Ž . Problems of form 1.2 arise naturally as stationary states of certain models in fluids mechanics. Therefore, it is important to obtain information about the existence and nonexistence of solutions for this problem. By Ž . Ž. a weak solution supersolution, subsolution of 1.2 we mean a function 1 1 
o n Ѩ ⍀ , possesses a positive weak solution. When p s 2, we discuss the existence of weak solutions under more general hypotheses on f. In particular, we investigate equations of the type
u s 0 o n Ѩ ⍀ . The outline of the paper is as follows. In Section 2 we provide necessary and sufficient non-resonance conditions for the existence of positive weak Ž . solutions for 1.2 . In Section 3 we show some results on the existence of positive weak solutions for problems subject to other non-resonance condi-Ž . tions. Finally, in Section 4 we analyze the problem 1.2 in the case p s 2. In particular, we give more general sufficient conditions than those of w x Section 2. Our arguments are based on the Dıaz and Saa inequality 7 , degree theory, and super-subsolution method.
EXISTENCE AND NONEXISTENCE OF POSITIVE SOLUTIONS
In this section we search for necessary and sufficient conditions for the existence of positive weak solutions for the problem 
Ž . Ž . PROPOSITION 2.1. If H1 , H2 and H3 are fulfilled, then 2.1 admits at least one nonnegati¨e weak solution. every x g ⍀ a.e. and t , t G 0. 1 
Ž .
Proof. Let u, u g C ⍀ be nonnegative weak solutions of problems
Ž . By H4 and the comparison principle, we conclude that u is a subsolution Ž . Ž . of 1.2 , u is a supersolution of 1.2 , and u F u in ⍀. Therefore, by 1, ␣ Ž . w x C ⍀ estimates in 11 and monotonic iteration, one concludes that 1 Ž . Ž . there exists u g C ⍀ , which is a weak solution of 1.2 with u F u F u. Let be a positive eigenfunction associated to such that )¨in ⍀.
,¨y r¨g W ⍀ , we can write
H H 
EXISTENCE OF POSITIVE SOLUTIONS UNDER OTHER NON-RESONANCE CONDITIONS
In this section we need the following result which is a consequence of the degree theory in cones: Ž . w . satisfying u s H t, u for some t g 0, qϱ . Now applying the result about w x expansion of cones due to Krasnoselskii 10 Assume H4 with a, b and c, d satisfying H2 , H3 implicit function theorem or, more precisely, the submersion local form 
Inserting¨in the expression of B and C yields 
